An example of cognitive obstacles in advanced integration: the case of scalar line integrals by Mallet, Dann
This is the author’s version of a work that was submitted/accepted for pub-
lication in the following source:
Mallet, Daniel G. (2012) An example of cognitive obstacles in advanced
integration: the case of scalar line integrals. International Journal of Math-
ematical Education in Science & Technology, 44(1), pp. 152-157.
This file was downloaded from: http://eprints.qut.edu.au/50313/
c© Copyright 2012 Taylor & Francis
Notice: Changes introduced as a result of publishing processes such as
copy-editing and formatting may not be reflected in this document. For a
definitive version of this work, please refer to the published source:
http://dx.doi.org/10.1080/0020739X.2012.678897
October 17, 2011 10:7 International Journal of Mathematical Education in Science and Technology
mallet˙cogobs
International Journal of Mathematical Education in
Science and Technology, Vol. 00, No. 00, 5 October 2011, 1–5
RESEARCH ARTICLE
An example of cognitive obstacles in advanced integration: the
case of scalar line integrals
D.G. Malleta∗
aGPO Box 2434, Brisbane, Queensland, 4001, Australia
(October 17, 2011)
Cognitive obstacles that arise in the teaching and learning of scalar line integrals, derived from
cognitive aids provided to students when first learning about integration of single variable
functions are described. A discussion of how and why the obstacles cause students problems
is presented and possible strategies to overcome the obstacles are outlined.
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1. Introduction
Herscovics [1] introduced the term “cognitive obstacle” to describe a situation
where an existing mental structure is appropriate for one domain but causes diffi-
culty with learning in another domain due to incompatibility with the new situation
or concepts. For example, high school students are generally introduced to the idea
of solving a quadratic equation using the quadratic formula before they encounter
a quadratic function and the associated concepts and processes available to analyse
such a function. Eraslan [2] discusses the obstacle imposed when learning about
the quadratic function by the mental image of the quadratic formula—an existing
mental structure—interacting with the image of the algebraic representation of the
function y = ax2 +bx+c. The existing mental structure is not fully consistent with
the new structure and as a result, mental conflict ensued in the student considered
in Eraslan’s study. This conflict can cause problems for the student for example
when first encountering related problems in a calculus course.
For many university students, single variable calculus incorporating the integra-
tion of single variable functions is the end point of their mathematical studies. For
others though, such as mathematics major students and students of engineering
courses, this study of elementary calculus provides the framework of forays into
multivariable and vector calculus. In this paper, a cognitive obstacle that arises
in the latter courses, because of the underlying framework of the former course, is
discussed along with suggested strategies for lecturers and curriculum designers to
overcome this obstacle.
Discussing the path of individual learners through three developmental stages of
learning mathematics, Tall notes that “in new contexts, old experiences can cause
serious conflicts” [3]. He calls these old experiences ‘met-befores’ and believes that
∗Corresponding author. Email: dg.mallet@qut.edu.au
ISSN: 1045-1129 print/ISSN 1029-0346 online
c© 2011 Taylor & Francis
DOI: 10.1080/1045112YYxxxxxxxx
http://www.informaworld.com
October 17, 2011 10:7 International Journal of Mathematical Education in Science and Technology
mallet˙cogobs
2 D.G. Mallet
these are a major source of cognitive obstacles for mathematics learners. Here
we discuss obstacles that arise when learners move from single variable function
integration to integration of multivariable function over curves in space. These ob-
stacles to learning about line integrals are primarily related to the old experiences
that students have with integrals from single variable calculus. The ‘met-befores’
such as the symbolic representation of integrals, including the integral sign and the
differential notation, and the cognitive aid of the ‘area under the curve’ interpre-
tation can stand as obstacles in the path of students encountering line and even
surface integrals for the first time.
Of course there is more integration to be encountered after integrating scalar
fields over curves in space. Multiple integrals, surface integrals, integration of vector
fields, complex variable integration and others are all encountered after the study
of single variable calculus so it should be kept in mind that the particular case of
the line integral is just one new context where the met-befores of single variable
calculus can cause conflict for students. For lecturers, the strategies proposed for
overcoming the obstacles in the case of line integrals need to be augmented with
similar or additional strategies when approaching other types of integrals in a
student’s calculus journey.
2. The cognitive obstacles
In the early stages of teaching students calculus, specifically when discussing in-
tegration of functions of a single variable with respect to that variable, students
are introduced to a number of images and aids to enable their new understanding.
Namely:
(1) the symbolic representation of integration, involving the integral symbol
∫
,
the differential (usually) dx, and the arrangement of these objects along
with an integrand function that form the usual written representation of
an integral;
(2) rules for integrating and/or tables of integrals, particularly when limit pro-
cesses are near to, or fully beyond, the scope of the course; and
(3) the interpretation of a definite integral as an area between a curve and the
axis corresponding to the variable of integration.
These offer the user: an image to stand for an integral or the process of integration
(1), the ability to bypass tedious processes (2), and a cognitive aid that gives
integration a meaning in a familiar context (3). However, all of these can become
potential hazards when moving from single variable calculus to vector calculus and
it is these potential hazards that are the focus of this paper.
In the subsections to follow, two cognitive obstacles are introduced and described.
The obstacles arise when moving from the lower level procept of integrating single
variable functions, that is
∫
f(x) dx,
to the procept of integration of scalar functions over curves, that is
∫
C
f(x, y) ds.
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It is important for the lecturer to acknowledge these obstacles as they can cause
genuine difficulty for students at a crucial stage of their post-secondary mathe-
matics education where they move from familiar, high school level ideas, to more
advanced ideas in the higher education mathematics curriculum.
2.1. Obstacles of process
Obstacle 1: The use of the symbolic representation of the integral to indicate the
process of finding an antiderivative by rule/table is no longer appropriate for linear
integrals.
With regard to rules for integrating, take for example the simple case of the
integral of x2 with respect to x. Students usually approach this task via the power
rule of integration. That is, increase the power by one and divide by the new power
to obtain ∫
x2 dx =
x3
3
+ c.
One could interpret this practice in the following way. The
∫
symbol indicates that
a table of integrals or integration rules should be consulted and then on that table,
the student should seek a rule or example that allows for treatment of the particular
integrand function given (here x2). Such an approach using rules and even tables
of integrals are perfectly reasonable in contexts including single variable calculus
as they provide a means for bypassing tedious limit processes and algebra.
When confronted for the first time with an integral of a scalar field along a curve,∫
C
f(x, y) ds,
the pre-existing notion to approach this problem using the process outlined above
can result in a conflict for the learner. In particular, the familiar
∫
symbol is the
first thing encountered in the mathematical statement, suggesting that a table of
integrals or a rule should again be consulted. However, the symbol is followed by
a function f(x, y) not only of two variables, but variables which do not match the
variable appearing in the differential ds. This clearly does not fit with the existing
mental structure built to deal with single variable integrals (is the integral of xy
with respect to s, xys?). The issue is compounded by the new information provided
by the instructor, which involves parameterisation of the function and the curve C,
none of which was even considered in prior experiences with simpler integration.
Like Eraslan’s quadratic formula and quadratic function [2], the student is left in
a state of mental conflict.
2.2. Obstacles of interpretation – area between a curve and an axis
Obstacle 2: The interpretation of the integral as an area between the integrand
curve and the integration axis is inappropriate for line integrals.
Area is used both in the development of the definite integral, via Riemann sums,
and as an aid to provide a concrete interpretation of the integral that is familiar
to a student. In particular when considering∫ b
a
f(x) dx, (1)
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the ‘area between a curve and an axis’ is drilled into students as an interpretation
to aid in their understanding of the concept of the integral of a function with
respect to its independent variable between two nominated endpoints.
When confronted with the image of the line integral of a scalar function along a
curve, ∫
C
f(x, y) ds, (2)
the pre-existing cognitive aid for integration, that of ‘area between a curve and
an axis’, is no longer appropriate in the new context of the line integral. After all,
f(x, y) is not a curve and furthermore there is no s axis. This type of confusion
can become even worse when f(x, y) is a function of only a single variable and as
such, looks more like the simpler integrals encountered in single variable calculus.
While visually, the symbolic image representing the line integral in equation (2)
is quite similar to that of the single variable integral, there are a number of areas
of conflict. First, the C appears in a similar way to the endpoints of the region
or area in equation (1), but in terms of its role in the integration it acts more
like the axis of integration in equation (1). Next, the integrand and the differential
are located identically in both the single variable integral and the line integral,
but while there a correspondence between the variable appearing in both of these
elements of equation (1), the variables present in equation (2), (that is, x, y and
s) are visually unrelated. What was previously a cognitive aid—the area trapped
by the integrand curve and the integration axis—has become a cognitive obstacle.
Indeed the axes are no longer particularly relevant to the problem at all.
3. Overcoming the obstacles
Identifying and acknowledging that obstacles exist are important stages in address-
ing the learning difficulties encountered by students. The next step is to attempt
to overcome such cognitive blocks through specific strategies aimed at removing
the obstacles or preventing them from being built in the first place. In this section,
a number of such strategies are discussed.
Firstly, it is important that the instructor recognises that there is a proceptual
issue arising. Specifically, the proceptual issue is that some students are only able
to consider the symbols in an integral statement as representing the process of in-
tegrating (finding an antiderivative via a table, for example), whereas others are
able to see the symbolic representation as both a concept and a process. Facilitat-
ing the learning of the students in the former group requires that the instructor
recognises from the beginning that some students are unable to relate their exist-
ing knowledge with the new ideas being presented. In effect, for the instructor this
means recognising the potential that a cognitive obstacle might be introduced by
the formalistic presentation and instruction [1].
Overcoming the above obstacle can be achieved by deconstruction of students’
existing mental image of integrals, passing back through the tables of integration
rules to the construction involving Riemann sums. By undoing the existing image
and reforming it with a Riemann sum approach to the line integral, the mental
image of integration can be reformed such that it accommodates both standard
single variable integral and the line integral. The familiar, but potentially forgotten,
Riemann sums can be utilised to differentiate the line integral procept from that
of the single variable integral, thereby neutralising the cognitive obstacle of the
symbolic representation of an integral and its interpretation as an instruction to
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refer to a set of rules.
Regarding Obstacle 2, this is already partially overcome if Obstacle 1 is dealt
with properly. However, again deconstruction and reconstruction of the visual inter-
pretation is quite useful to overcoming the cognitive block. This means refreshing
in the students’ minds the reason why the single variable integral can be seen as
an area, via a return to Riemann sums and the limit of a sum of products of par-
tition widths and function values (widths by lengths). Then the students should
be encouraged to decouple their thinking from a fixed axis line, instead allowing
for any curve in the plane, and instead of a single variable function, allowing for a
curve lying on a surface. The area between f(x) and the x axis becomes a special
simplification of the area of a curtain-like object between a path along the surface
f(x, y) and the curve C in the xy plane.
4. Discussion
As expert users and practitioners of mathematics, we rely heavily on the use of
familiar symbols to reflect links between concepts and processes at different levels
of mathematical complexity. Often the detail of the links between these different
levels is only obvious after mastering an understanding of the new concept. On
the other hand, for the novice, initially in an attempt to force new ideas at higher
levels of complexity to fit with old ideas, these symbolic similarities can lead to
misinterpretation both in terms of what to do (the process) and what to think (the
concept) in the new learning domain.
As instructors, we the “experts” need to recognise the difficulties placed on learn-
ers by our reliance on common symbols for new concepts and on cognitive aids with
short-lived usefulness. The examples of cognitive obstacles presented here, viewing
integration as the application of an algebraic rule or a specific type of area, rather
than as the limit of summing quantities, are simple illustrations of what an expert
may forget which then causes serious learning blockages for their students. The
solutions presented suggest the need to rebuild frameworks and imagery from that
which already exists, thereby allowing for the removal of cognitive aids that are no
longer useful and the construction of links between the remaining useful aids and
fresh aids for new ideas.
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